The collective strength of a system of fibers, each having a failure threshold drawn randomly from a distribution, indicates the maximum load carrying capacity of different disordered systems ranging from disordered solids, power-grid networks to traffic in parallel system of roads. In many of the cases where the redistribution of load following a local failure can be controlled, it is a natural requirement to find the most efficient redistribution scheme i.e., following which the system can carry the maximum load. We address the question here and find that the answer depends on the mode of loading. We analytically find the maximum strength and corresponding redistribution schemes for sudden and quasi static loading. The associated phase transition from partial to total failure by increasing the load have been studied. The universality class is found to be dependent on the redistribution mechanism.
The response of an ensemble of elements having random failure thresholds plays a crucial role in the breakdown properties of heterogeneous systems [1] . Such systems can be, for example, disordered solids under stress, power-grid networks carrying currents, or roads carrying car traffic etc. The failure properties of these systems are dependent strongly upon the load redistribution mechanism following a local breakdown. While in some cases (e.g. solids under stress) such mechanisms are properties inherent to the system, in many other cases (e.g. power-grids [2] , traffic controls [3] ) it is a matter of design that can be optimized so as to achieve the most robust configuration (see e.g. [4] ). Such robustness properties of networks connecting elements with varying failure thresholds under targeted or random attacks have received substantial attention [5, 6] .
Here we address the question of maximizing the strength of a disordered system by finding the most effective redistribution scheme analytically using fiber bundle model as a generic example. This model was introduced [7] indeed to estimate the strength of cotton in textile engineering. Since then it has been extensively studied in replicating failure phenomena in disordered systems (see [8] for a review). Conventionally fiber bundle model is viewed as a set of parallel fibers, having failure thresholds randomly drawn from a distribution (say, uniform in [0 : 1] ), clamped between two horizontal plates. When the bottom plate is loaded, some of the weak fibers break, and their load is redistributed among the surviving fibers, which may in turn break or survive depending on their failure thresholds. The load transfer depends on the elastic modulus of the bottom plate, which fixes the effective range of load transfer in the model and therefore governs the mode of failure [9, 10] . While much of the attention has been concentrated in revealing the transition properties and related dynamics at and near the failure point, very little effort was spent in tuning the redistribution scheme to maximize the strength of the system. This is partly because physically redistribution cannot easily be tuned in stressed solids, which is one main application of the model. But in many other applications, as mentioned above, this is a matter of design and hence remains an important question.
We consider the system as simply a set of interconnected elements and the load transfer is heterogeneous and dynamic in the sense that it may depend on the threshold and also on the instantaneous values of the loads on different elements. Before entering into the details of the heterogeneous scheme, we note that the loading process can be broadly divided in two ways: sudden loading and quasi-static or gradual loading. We also note that the external loading is always uniform although redistributions can lead to inhomogeneities in load carried by individual fibers.
In the case of sudden loading, a load per fiber value σ (= W/L, where W is the total load and L is the number of fibers) is suddenly applied on the entire system, which is initially intact. The redistribution schemes then follow the initial breaking leading the system either to a partially damaged state or complete failure. Now, irrespective of the redistribution scheme followed, an upper bound of failure threshold can readily be estimated for the sudden loading process. This follows from the requirement that the applied load can at most be equal to the cumulative of the threshold values of the fibers that survives the step of loading (done uniformly). The threshold distribution is considered to be uniform in [0 : 1] unless otherwise mentioned. Hence, if the maximum load per fiber value is σ m , then it must satisfy
This is the highest failure threshold that a suddenly loaded fiber can sustain no matter what is the load redistribution, as long as the loading is uniform (every fiber gets equal external load prior to any redistribution). Clearly, the uniform load redistribution gives a failure threshold (1/4) much less than this, hence that scheme can be substantially improved.
The motivation of using a heterogeneous scheme is to explore the possibility of obtaining a failure threshold larger than 1/4 and in the best possible scenario, obtain a value close to the estimated maximum value √ 2 − 1 in sudden loading.
Particularly, we have considered the case where the load received by a fiber (say, i-th) in a given redistribution process is proportional to (f i − σ i ) b , where f i and σ i are respectively the load and failure threshold of the fiber. The limit b = 0 is the usual uniform load redistribution, for which the critical behaviors are well characterized [8] . We have numerically obtained the critical load for different b values, which also depends on whether the load is applied suddenly or quasi-statically. We could analytically calculate the limiting cases of critical load and have found that the most robust condition (highest value of critical load)
arises for b = 1 in sudden loading and b → ∞ for quasi-static loading (effectively for b ≈ 10 or above).
Furthermore, from the point of view of phase transition between partial and complete failures, we have found that for 0 ≤ b < 1, the order parameter exponent value remains the same. But for b ≥ 1 it is different, showing a different universality class than that of the uniform load sharing one. The dynamics, and hence the system size dependence of the relaxation time near the critical point depends strongly on the loading mechanism.
A natural expectation for a better scheme is to assume that the stronger fibers should get higher share. However, the effectively stronger fibers are those which have higher difference between the failure threshold and the load it carries. Hence, we consider that the load received by the i-th fiber having stress σ i and failure threshold f i is
where w e is the excess load to be redistributed in a given step and b is a parameter. In general, the redistribution can be a many step process, but let us consider the first step only, such that σ i = σ and w e = σ 2 N. The normalization condition reads i∈survivingf ibers
with P (f ) ∝ 1/(1 − σ) (this is essentially the normalized distribution of thresholds of remaining fibers), giving
) (for b = 0, the uniform load sharing limit is retrieved). Hence the load received by the i-th fiber in the first redistribution step, having failure threshold f i following the sudden application of load per fiber value σ is
The process will be a single step one provided x(f i ) + σ < f i for all i ∈ survivingf ibers.
For b = 1, this inequality leads to
which is generally satisfied until for a critical σ c where 2σ
But this is the maximum possible sustainable load per fiber value. This implies that for b = 1, the maximum strength is achieved and in a single step (see Fig. 1 ).
One can now show that for b ≥ 1, if there is a recursive dynamics that continues beyond the first redistribution step, then it initiates from the fibers having highest thresholds.
Writing f i = σ + ǫ i , we need to show that the surviving condition x(f i ) + σ < f i is valid for arbitrarily small ǫ. The condition leads to ǫ
(1−σ) b+1 < 1, which can be satisfied for arbitrarily small ǫ, as long as b > 1. This means that the limiting value (σ l ) for which the dynamics will start being more than one step of redistribution will follow the condition x(f i ) + σ l = 1. This gives, which is essentially a lower bound of σ c for b > 1. These are also supported by numerical simulations (see Fig. 1 ).
The exponent values of the failure transition can be estimated for different b values.
Particularly, the order parameter exponent value can be analytically found for b = 1 and is known for b = 0. The well studied case of b = 0 gives the order parameter variation as
, where U(σ) is the fraction of surviving fibers under a load per fiber value σ. This definition is, however, difficult to follow in the numerical measures where the quantity U(σ c ) is not known exactly. A different order parameter measure, called the branching ratio ζ, was proposed in [11] . It was defined as
n t , where n 0 is the number of failed fibers immediately following a load increase (necessarily small amount) and the sum is the total number of fibers failed due to these initial failures. Then the quantity 1−ζ near the critical point follows 1−ζ ∼ (σ c −σ) β ′ .
The exponents β and β ′ need not be equal in general. The quantity tmax t=0 n t is essentially the change in the number of fibers following a small increase in the load, or in other words is (5)), which is also used as an alternative order parameter. These confirm the estimate of the order parameter exponent value β ′ = 1/2, for b < 1. For b ≥ 1, β ′ = 0, i.e. the curves gradually become horizontal. The step-like behavior for sudden loading is due to the change of behavior of order-parameter after σ l (see Eq. (4)).
proportional to |dU/dσ|. But near the critical point dU dσ
This leads to the relation β = 1 − β ′ . Incidentally, for b = 0, β = 1/2, giving β = β ′ in that case. However, for b = 1 the redistribution process has been shown to be single step and
On the other hand, since there is no avalanche in this case until the failure point, 1 − ζ = 1 for σ < σ c and 0 at σ = σ c (one may think this as a zero value of the exponent β ′ ).
Interestingly, this exponent β ′ along the b−σ c curve seems to remain unchanged for b < 1 (see Fig. 2 lower; the upper panel shows the same for gradual loading). Another way to probe the critical behavior is to look at the relaxation time at (or very near to) the failure point. It is known that at the critical point, the relaxation time scales as τ ∼ L α , with α = 1/3 for b = 0 [10, 12] . But for b > 0 the power law scaling seems to be lost, with τ becoming almost independent of L for b > 1 (see Fig. 3 ). Here we have shown the behavior of both the pre-critical relaxation time (the relaxation time in the last stable configuration of the model) and the post-critical relaxation time (the relaxation time in the first condition As mentioned before, the response of the system in this dynamic redistribution scheme depends on the way the load is applied to the system. Apart from the sudden loading limit discussed so far, the other extreme is the quasi static loading. Here at every step the load is uniformly increased on all the surviving fibers until the weakest one breaks. The loading is then stopped until the system goes to the next stable state by local failures and subsequent stress redistribution. After the relaxation to a stable state the system is further loaded to continue the dynamics. Essentially the time scales provided by inverse of loading rate and that of the system relaxation are assumed to be widely separated. By observation it is seen that the failure threshold increases with b. Hence we assume that the maximum possible strength is the one which is obtained for very large b values. Now, for a very large b, any redistribution of the load will essentially be eaten-up by the fiber(s) with largest (f i − σ i ) value(s). The increase of the load is uniform, as before. Therefore, in the situation where the load is gradually increased upto the point where a fiber with strength f has broken, the load profile will be like the one depicted in the left of Fig. 4 (top) . The redistributed load The black triangle on the left are the broken fibers. The grey area denotes the load. There is a uniform loading the redistributed load of the broken fiber is dumped on the right hand corner triangle, because for those fibers f i − σ i were highest. The top right figure shows the extreme limit, beyond which all fibers will break together. Here f m = 1/2 and the total load carried is 3/8, which is the maximum possible breaking threshold in the gradual loading. This is supported by the simulation results for b = 10 at the bottom panel.
will be piled up in the right hand corner in the form of a triangle and there will be a uniform loading for the other fibers, which is due to the uniform load increase mechanism. Now, the extreme end of this process is the one depicted in the right of Fig. 4 (top) . Here f m = 1/2 and beyond this point all remaining fiber has (f i − σ i ) values equal to each other. Hence, a further increase in the load will result in the complete collapse of the system. This is, therefore, is the point where the system carries maximum load using gradual loading. The total load carried by the system at this point is The universality class in this case is determined similarly as before. The derivative of the order parameter diverges with |σ c − σ| with an exponent value 1/2 as long as b < 1 (see Fig. 2 top) . In this case, unlike the sudden-loading one, b = 1 too seems to belong to this universality class, at least within the numerical accuracies. For b > 1, the divergence gradually flattens as the critical point is approached, indicating a change in the universality class, as before. The behavior of the relaxation time remains the same (not shown) as in the case of sudden loading. This is because, dynamics studied by sitting at the critical point is no different for these two schemes, as they differ only in the loading mechanism.
In conclusion, the threshold dependent load redistribution scheme proposed here can lead to significantly higher strength in the fiber bundle model, compared to the uniform load redistribution mechanism usually followed. For threshold distribution uniform in [0 :
1], the maximum strength (load per fiber value prior to catastrophic failure) for sudden loading is found to be √ 2 − 1, which can be achieved for load redistribution proportional to (f i − σ i ) b , with b = 1. For quasi static loading, the maximum strength is 3/8 and is achieved in the limit b → ∞. While for sudden loading the maximum achievable strength is obtained using this scheme, for quasistatic loading whether there exists a more efficient redistribution scheme that can lead to a higher value of maximum strength, remains an open question. These results remain qualitatively valid for other threshold distributions (exponential, Gaussian etc.). The precise bounds obtained here and the corresponding load redistribution mechanisms can help in maximizing the strengths of complex interconnected systems with an ensemble of elements each having finite failure threshold.
